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Section I: INTRODUCTION
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1.1 MOTION OF CHARGED PARTICLES MAGNETIC MQMENTS
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In general, moving charges (currents) will generate magnetic freld
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cases, e.g., for,,arci'rc':ular current:

This equation can be integrated easily in some
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The field Bloop produced at long distances R = (x,y,z) is given-by
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The angular and distance dependence of this magnetic field are analogous to the
ones characterizing an electric field produced by an electric dipole
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=>A loop of current can be considered as a magnetic dipole;

7magnitude = |[p| = I-(area of loop)

a vector whose(
\orientation: perpendicular to the loop

There is another physical quantity used to described circular motions: angular
momentum L, a constant of motion

magnitude = IEI =rm-|vy| = 2nvitn
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A magnetic moment not only produces a field, it can also interact with g;ie: ‘gw&i

L W ot

If there would be no angular momentum p’would oscillate

Since there is an T.:e 0if "« 0 however, we have a motion similar to that of a
gyroscope
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1.2 THE SPIN

Elementary particles (n, p, e) possess a very special angular momentum: the spin
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arbitrary number of orientations only 2 orientations allowed

In_the case of nuclei with spin, the number of possible orientations is given by,
,S=0,1/2,1, 32, ..
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spin quantum number

The spin of an atomic nucleus depends on:

Z = #protons (atomic number), and A = #protons + #neutrons (atomic weight)

Z even, A even (e.g. 12C, 160) => no spin

Z even, A odd (e.g. 13C, 31P)
=> spin > 1/2
Z odd, A even (e.g. 14N, 2H)
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For a particle of spin S, the total angular momentum of S

IS =ﬁ‘£ —S(S+1)‘M

mg = -S, -S+1, ..., S-1, S
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If the particle is charged, it will also have a quantized magnetic moment pu:

B

The energy of a nuclear system in a magnetic field will therefore also be

quantized: ('}L)Of LARMOR FREQUENCY
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The basic goal of nuclear magnetic resonance (NMR) is to determine the value
of wg



1.3 THE MAGNETIZATION
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We have an ensemble of N spins 1/2 in a magnetic field
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In general, for a state j with quantum number m;(-S < m;
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The fact that the populations are not the same creates a net magnetization
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1.4 CLASSICAL MOTION OF A SPIN

Let's assume that spins behave classically; i.e., like little magnets w
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To solve this differential equation we go into a frame rotating at a rate Q around
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=> In the rotating frame:
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This equation can be solved by assuming
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Then, since Té:ﬁtﬁ: O it follows that'[f’is constant in the rotating frame or
=2
equivalently, that _u') precesses at a rate yB, in the lab frame: Larmor
precession

e
T\ : Precession of an
. , 7 isolated classical spin

Even though individual spins precess, the net macroscopic magnetization
remains static due to the lack of coherence in the x-y plane:

N \\

Since the equilibrated

A | ; magnetization does
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cannot measure the
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1.5 RF IRRADIATION OF THE SPINS AND THE ROTATING
FRAME

Consider a spin 1/2 ensemble in a magnetic field B,; our goal is to measure
‘?O = 78@‘\' WO/_zJ\ . We do this with the aid of an auxiliary oscillating magnetic
field B1_l_ By, generated using an rf coil and an oscillating current source:

=

L.

I =Io cos (w;t)
I
B =B, cos (W‘ti’@,}-)/é\

| « -4
\B l’«".“o B ArbiTrary
“ | V © sel to O
Classical Description:
=1 2o
M
Wo
(i IS}oM
B, X

A linearly polarized field B, // X can be decomposed into 2 counterrotating
components
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'B|/,2, ‘ é\t. rotates at rate -o (disregard)
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The behavior of /éc
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1.6 QUANTUM MECHANICS - REVIEW  * Jnidwon. T

The quantization of the angular momentum cannot bve> d'escribed‘ in ci‘é'ssi‘cél
terms; in order to fully understand its properties one has to resor? to quantum
mechanics.

a state is given by a wave function |u> (ket)
In quantum mechanics/
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N events and observables are given by operators @

For instance for a spin 1/2, the measurement of angular momentum can give only
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Let us take a look at what states and operators look like in this new

(Hilbert) space



We define vectors (kets) according to their expansions on a basis set:
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This is similar to what we do in Tﬁ " -space with vectors, except for a few
differences

_The {a,} can be complex numbers
_The dimensionality depends on the system (spin number, coupled
spins, etc.)

Important basis sets are those whose components are orthogonal:
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We describe such products as

[ > <§ L () k( onecked delt.  Dirac Notation
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The bra ("<j|") is another type of vector, conjugated to the ket |j>

The product of a bra |i> times a ket <j| (a bracket) is always a complex
scalar, even if the states are not orthogonal. This scalar product tells about
how much "j" character there is in the "i" state, and viceversa.



It follows that we can expand any state |y> as
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<ily>: projection of ket state |y> into basis element |i>

Similarly

v = )Tyl (#)
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(*) and (**) hold for arbitrary y's = it must be truth that
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No information is lost by projecting onto a complete orthonormal basis set.

A convenient way of representing bra's & kets is as vectors
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If kets are Nx1 vectors, then operators are NxN matrices.
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In the same manner as we defined conjugate states (bra's), we can define
conjugate operators (p+:
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Since operators are matrices, they won't, in general, commute among
themselves
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They will, however, commute with complex scalars

J= Do - L
A very important property of our operators is that they can satisfy an
eigenvalue equation:
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NxN operators can have up to N eigenvectors and N eigenvalues. To find
them:
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This is a polynomial of power AN. We solve for its roots {Ai}i=1...N; for each
root we solve the simultaneous equations to find the {aj}j=1...N, using the
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Here are some important facts about operators.

N
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_To each physical observable O (position, energy, angular momentum)

quantum mechanics associates an operator

_The only values that we can measure for O are the eigenvalues of the

operator _/: {Tj}=1..N
If this statement is to have physical meaning, then the @" s have to be
real. ’

This happens if (0 is hermitian:
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_Given a state described by a wavefunction |y>, we can expand it
using (/s eigenstates as a basis set; i.e.
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(the |j>'s are a complete basis set)

Then the average value of O that we can expect to measure is given by

Loy =Hulyy

!
|

MEASUE 11,6 N AN

T Expeninm ‘t"/

\ (/ ‘ - 7 ™ .
= A LIS A S AT R
{Zbd <k) jbﬁ)@@;%,&?'@: ZC\U( UL
J ( © J et J {-«3 —
Ly
_ k(s . 7
:Z;C«‘ f/\,C-@" aeph =
= PN 1
1 i -
v} "‘“*""";\/“"'/
;/- -} ™. — N ’T } ( 2
N zj. — - 5’ | )C?'{ ¢ FRORARICIT OF
(/\ vy (
— i



>

A fundamental operator is the Hamiltonian NOL; : the operator that describes
the possible energy levels of the system
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Then, given
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1.7 SPIN OPERATORS

The angular momentum of the spin is given by 3 operators
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Raising and lowering operators: e . _(3(C5S
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Let's go back to a spin 1/2 in a magnetic field. The quantum-mech. Hamiltonian

of the system
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Problem: It is known that upon placing a sample in B, there is an induced
macroscopic magnetization M,:
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But then, the single-spin equations require or : complete polarization
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There is something wrong in this analysis: One cannot assume that all
spins in the sample are described by the same wave-function
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1.8 AN ENSEMBLE OF ISOLATED SPIN-1/2: THE DENSITY
- MATRIX
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THE DENSITY MATRW

The behavior of a macroscopic spin system is not adequately described by a
{ 1] AN . .
single wave function | (i:}), we look for an alternative formalism.

We know that given the wavefunction of a particle with spin 1/2:
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1.9 TIME EVOLUTION OF THE DENSITY MATRIX

Starting from the time-dependent Schroedinger equation

and expanding Hj> ZC‘, J> on an arbitrary basis {|j>}, it
follows that
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There is a formal solution to this equation if }C is time independent:
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Let's assume a spin ensemble in the presence of Bg; we look for the density
matrix in thermal equilibrium:
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The off-diagonal elements of F :

Qhﬂ’} = Cmcn“ =

Since it is easy to proof that
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Moreover, since in most cases E, << kT (high-temperature approximation)
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A more specific calculation for spin-1/2. We saw that in Hilbert space

95 Ly

W’>:w6% e Tlay v g e >

= <’Lio<>+.’oi/5>

where ’a,/‘z:/m—oé %()/ \b,.z: /croo 2>

The corresponding density matrix

e . o 2
fcws®g cos song &7 ”‘95_2 O
0 < 2 .
‘7 N @ siile
=2

|

{/ UNCORKE LATED
OVER ENIEMBLE

cet SO.M,_?_ QLC( g,.\,(_-z g
< 2

N16)

If the sample is unpolarized; prob l > = ,bmé 2 <=

by O

= (2 ]-%- I

UNPoLARIZED 0 /2,

| S wo/kT
{ /

In a magnetic field, F"Ob ‘/57 = ¢

e‘; J}%RT O

 brob |77 &

€ FOLARIZED i /j 7\3)0£2<7
N



.10 ISOLATED SPIN 1/2 ENSEMBLES: EQUIVALENCE
BETWEEN CLASSICAL AND QUANTUM-MECHANICAL
DESCRIPTIONS

In general, the e of a spin 1/2 system can be written as
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Corresponds exactly with the classical magnetizations



g tle ROTATING FEAME \
L\U “{:Q\sz\ Ao ‘w‘aCz ’{ g?::f»ig; e X Wowas Cle fOTATIVG T ’ f@
Now we investigate what quantum mechanics predicts upon irradiating the

spin ensemble
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I1.12 PROBLEMS

1) Calculate the difference in population between the spin states of
i)13C at 7 T, 300 K
ii) 25Mg at 7 T, 300 K.

(2) Considering that the natural abundance of 25Mg is 10 times larger than that
of 13C, at what temperature should a MgO sample be placed to make the
-1/2——> +1/2 transition of the 25Mg as populated as the -1/2 —> +1/2
transition of CO at 298 K?

<@7 Find the expression of the net magnetization Mg as a function of Bg and the
temperature for an arbitrary spin.

4) i) Using the fact that <Y | = (<<€ l W >> , show that the

operator corresponding to a physical observable is Hermitian; i.e.

fulfills <W}w“{> _ (<Q€‘(p[\(/>>*

In a matrix representation show that this is equivalent to the requirement@ z
i) Which of the following is not an observable operator: (B d
121 IZ! IX, I+

p

/ 9 Calculate: [12, 1.], [12, Ix], [I2, 1], (12, I+]

@smw that 12 = [,2 + 1/2 (I,1.+11,)

C)Demonstrate that if 2 Hermitian operators A, B fulfill [A, B] = 0, then
| they possess a common basis of eigenstates.

@ Demonstrate that the eigenvalues of a hermitian operator are real, and
that the eigenstates associated with different eigenvalues are orthogonal.



@ Using the matrix representation of the spin 1/2 operators, fill up this table
(and keep a copy you will need it!)
(assume h = 1)

PCA(W\O\
Ix Iy I 12 L 1.
I, 24 |y, |21y lami (T30 |01/,
o) Iy Lid-Ta |1/ =Tk Syl (T4T)|2c| & 334

I, L Lug Llx Pl 2‘/ 2 1.2 -3x I

12 27 x 3T, ERE 13 ERERE

I, A0S [(3-TO)z] 24 12 = [e370.30)
I (I« Ik | -1- 103 [41-0-0) ~

10)) Calculate the eigenstates and eigenvalues of I, Iy, Iz, in terms of ’°<>/ ‘{37
@The I, eigenstates for a spin 1: L \+|>’tx 12 IZ- o> =0, I—é iy =himy

Using the fact that the raising and lowering operators have the following
effects:

T 490 T, lo={Z 117 I, -1y =12 10>
T +=02o> ; Tloy={Z 117 I -1 =0

Calculate the matrix form of Iy, Iy, Iz and I2.

@Generalize the expressions (2f) - (O for the case of a spin 1. (Se€ pog@ 2L )

13)i|Find the matrix expressions for the evolution operators

: . R T
e R Wy (py)=€ g

Z(£<®/Z):€ J ux(g():c
@i rotation about z, x or y .
‘ij) Demonstrate that unitary operators do not change the norm of a state.

nitary operations can therefore be thought of as generalized "rotations" or
"translations" of vectors.



‘y&) Using the explicit matrix representation for the spin operators and the
oﬁ‘egators of the previous problem, fill out the following table (and keep a

. H itl —
copy of it, you will need it)). %ﬂMx:lxcﬂm@» Loz,

Lo - Ix CAQ&C&% I (6)&/\ @x

r W

Q;&«\"'i ‘fz}»\,}(%x %4‘ }f%”v“@;g
f?a Lo = j?comgﬁ Lgm%

J \ COSQ*-&XLWY\ X | »

Find a graphical representation for these rotations.

15) In the presence of a 81‘ rf field oscillating at a rate! co the macroscopic
magnetization in the rotatmg frame precesses around a Beff according to

Begﬁ a, (Aw Z + (./U' )

i) Calculate the precession rate of the magnetization.
i) Calculate the trajectory followed by M if M(t=0) = (0, 0, Mo).
i) What range of w1 (as a function of Aw) are required to bring the



magnetization from the z-axis into the x-y plane?
iv) Describe the phase that a magnetization originally to z makes with
respect to the y-axis as a function of Aw for a fixed value of w4

16) What are the eigenstates and eigenvalues of the Hamiltonian

- -4w I, -w, Ly
\f\

how that in the rotating frame, the counter-rotating component of B4
rotates at a rate 2w
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